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Abstract 

The /3-deformation is one of the two superconformal deformations of the M = 4 
super- Yang-Mills theory. At the planar level it shares all of its properties except for 
supersymmetry, which is broken to the minimal amount. The tree-level amplitudes of 
this theory exhibit new features which depart from the commonly assumed properties 
of gauge theories with fields in the adjoint representation. 

We analyze in detail complete one-amplitudes and a nonplanar two-loop amplitude 
of this theory and show that, despite having only N = 1 supersymmetry, the two- 
loop amplitudes have a further-improved ultraviolet behavior. This phenomenon is a 
counterpart of a similar improvement previously observed in the double-trace amplitude 
of the M = 4 super- Yang-Mills theory at three and four loop order and points to the 
existence of additional structure in both the deformed and undeformed theories. 
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1 Introduction 



The maximally supersymmetric Yang-Mills (sYM) theory has provided a valuable arena for 
devising new and powerful methods for perturbative quantum field theory computations. 
In the planar limit, this effort exposed remarkable properties of the theory, such as dual 
(super) co nformal invariance and integrability, as well as unexpected relations between a 
priori unrelated quantities, such as the relation between certain null polygonal Wilson loops, 
scattering amplitudes and correlation functions of gauge invariant operators. Each of these 
presentations of scattering amplitudes, as a Wilson loop or as a (square root of a) correlation 
function, manifestly realizes one of the two conformal symmetries of the theory. It has been 
suggested that, in four dimensions, the symmetries of the theory together with the leading 
singularities of amplitudes completely determine the planar loop integrand to all orders in 
perturbation theory pQ. 

At the nonplanar level the symmetry structure of the theory is expected to be different. 
While comparatively less studied, explicit calculations of complete amplitudes [21 [3] expose 
unexpected structure: the color/kinematics duality and the BCJ relations [I], generalizing 
the U(l) decoupling identities and the Kleiss-Kuijff relations, provide a direct link between 
the planar and non-planar parts of amplitudes. They also suggest that the kinematic nu- 
merators of integrands of amplitudes (once organized in a specific way) obey an algebra akin 
to that of the color factors. The fundamental origin as well as its implications and limi- 
tations are not completely understood (see however [5] for an interesting discussion in the 
self-dual sector). The color /kinematic duality has also been discussed in less supersymmetric 
theories [I]. 

A possible strategy to identify the essential elements underlying the fascinating properties 
of the M = 4 sYM theory at the non-planar level is to deform this theory in a way that does 
not alter its planar properties and then analyze the resulting theory. Since such deformations 
necessarily break supersymmetry, this analysis would also probe, in a more general context, 
other aspects of the undeformed theory: the possibility and subtleties associated to using the 
Coulomb branch as infrared regulator even at the planar level; the consistency conditions on 
massless S-matrices discussed in [6], etc. A further appeal of this strategy is that, by reducing 
the number of supercharges, unexpected phenomena unrelated to maximal supersymmetry 
but hidden by it may emerge at low loop order. 

The two deformations of the M = 4 sYM theory which preserve conformal invariance to 
all orders in perturbation theory at both planar and non-planar level have been identified by 
Leigh and Strassler in [7] . In both cases the arguments described there show that there exists 
a relation between the gauge coupling, the strength of the deformation and the number of 
colors which, if satisfied, guarantees conformal invariance of the theory. 

The so-called /3-deformation was extensively studied from several standpoints. The pla- 
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nar scattering amplitudes have been discussed in [5] where it was shown that, for real j3, 
they are inherited from the undeformed theory and thus are dual conformally invariant. 
From the current perspective this result reinforces the link between integrability and dual 
conformal invariance. Indeed, the /5-deformation preserves integrability both at weak [9] and 
strong coupling [TO] and the construction of its string theory dual [TTJ [10] suggests that the 
arguments of [TSJ [T3] relating integrability and dual conformal symmetry should apply in 
this case as well. 

While the existence of a line of fixed points is guaranteed by the arguments of 13, the 
precise relation between parameters is known in general only through two-loop ordeiQ Our 
calculations of four-point amplitudes at one- and two-loop level will confirm the known 
constraint. We will argue that this constraint must be modified at three loops. This is 
similar in spirit to the argument of [5] that, for complex deformation parameter, the planar 
relation between the deformed theory and M = 4 sYM theory breaks down at five loops. 

As all massless theories, the /3-deformed M = 4 sYM theory has infrared divergences and 
therefore requires regularization. While in gauge theories IR divergences are conventionally 
dimensionally regulated, several possible IR regularizations are available. In the planar 
undeformed theory it has been argued [H] that moving off the origin of the Coulomb branch 
and partly breaking the gauge symmetry as SU (N + M) i-> SU (N) x SU (M) will on the one 
hand regularize IR divergences while on the other will preserve dual conformal symmetry if 
masses of fields (or vacuum expectation values of scalars) are assigned suitable transformation 
rules. An essential ingredient in these arguments is that, as a consequence of extended 
supersymmetry, the relation between vacuum expectation values and field masses does not 
receive quantum corrections. The minimal supersymmetry of the /3-deformed theory does not 
guarantee the absence of such corrections which, as we will see, appear at the very least due 
to the corrections to the conformality condition. Therefore, using the Higgs regularization 
in the /3-deformed theory at higher loops requires a certain amount of care as one should 
isolate the quantum corrections to the regulator. For the same reason, the close relation 
between the M = 4 and the /3-deformed planar amplitudes [8], while present in dimensional 
regularization, does not appear to hold in a straightforward way in the Higgs regularization. 

By completely breaking the gauge symmetry, SU(N) — > U(1) N ~ 1 , the Higgs regulariza- 
tion may also be used at nonplanar level both in the /3-deformed and in the undeformed 
theory. While we will draw information on the structure of amplitudes in the presence of 
such a regulator, we will carry out calculations in dimensional regularization. It is interest- 
ing to note that, unlike in the M = 4 theory, dimensional regularization changes the total 
number of degrees of freedom of the theory. Indeed, as an M = 1 theory that does not 

3 In the planar limit this relation is known to all loop orders. There have been in fact two definitions 
of finiteness, which provide slightly different constraints on parameters. One of them demands that all 
beta-functions vanish while the other demands that all correlation functions arc finite. 
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have an M = 2 extension, IR dimensional regularization will dimensionally-continue vector 
multiplets without reducing the number of chiral multiplets. For this reason the notion of 
critical dimension as the dimension in which the first logarithmic divergence appears at some 
fixed loop order is not a well-defined concept in the /5-deformed theory. One may neverthe- 
less formally continue to arbitrary dimension the integrand of an amplitude and thus define 
a quantity which, as we will see, captures the convergence properties of the integrand and 
(discontinuously) becomes the standard critical dimension as the deformation parameter is 
set to zero. 

We will begin in the next section with a brief review of the /3-deformed sYM theory, 
discuss its Coulomb branch and outline the main differences between its scattering ampli- 
tudes and those of the undeformed theory. In § [3] we will discuss the general features of 
loop calculations in this theory through the generalized unitarity method, the constraints 
imposed by supersymmetry and describe non-planar all-loop results that are inherited from 
the undeformed theory. In § H] we present the explicit expressions for representatives of the 
five different classes of four-point amplitudes and discuss the properties of their infrared 
divergences. In § we describe the first nontrivial two-loop amplitude which is sensitive to 
the deformation parameter and analyze its properties. We will see that, unlike the one-loop 
amplitudes which exhibit the standard properties of a finite M = 1 theory, the two-loop 
amplitudes we evaluate have better UV convergence properties than one might expect based 
on M = 1 supersymmetry alone. We summarize our results in § [7J and speculate on the 
relation of the improved UV behavior and the undeformed theory. 



2 The /3-deformed J\f = 4 sYM theory and its features 

The /3-deformed Jsf—A theory is one of the two Af = 1 exactly marginal deformations^ of 
the maximally supersymmetric Yang-Mills theory in four dimensions [TJ; it is obtained by 
adding to the superpotential of the J\f = 4 sYM theory the term SW = Tr^ 1 -^ 2 , $ 3 }]. The 
action may be written in Af=l superspace as 

S = J d 4 xd 4 6Tr{e- 9 YM V '^ym v '$*] (1) 
+ I d 4 xd 2 9Tr[W a W a ] +ih f d A xd 2 6 Trfgrt 2 ^ 3 - q- 1 ® 1 ® 3 ® 2 ] + h.c. . 

This superspace, inherited from the one used for the M = 4 theory, manifestly preserves the 
fourth component of the M = 4 quartet of supercharges. The parameter q is customarily 
parametrized as q = exp(z/3) with /3 being either real or complex. The two choices have 

4 The second exactly marginal deformation is given by SW = Tr[$f + $2 + $3]. 
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distinct quantum mechanical properties with only the former theory, with /? 6 R, being 
integrable at the planar level. In the following we will assume that /3 is real. 

It has been pointed out in [IT] that the addition of 5W may be interpreted as a non- 
commutative deformation of M = 4 sYM theory in the R-symmetry directions; instead 
of space-time momenta, the relevant Moyal-like product involves the three U(l) charges 
Q = (qi> Q25 (I3) inherited from the SU(A) symmetry of M = 4 sYM theory: § 

where Pi = P2 = P3 = (3- It is not difficult to see that such a phase becomes trivial whenever 
at least one of the two fields belongs to the J\f = 1 vector multiplet. In the following we will 
denote by [•,•]/? the commutator in which the product of the two entries has been replaced 
by the Moyal product (J2J), i.e. 

[A, B] p = e i(3bc ^AB - e'^^BA . (3) 

The action ([T]) exhibits three global U(l) symmetries. One of them is the U(l) R- 
symmetry of the M = 1 superspace. The other two simultaneously rephase two of the three 
chiral superfields as: 

($ 1 ,$ 2 ,$ 3 ) ^ ($\e iai $ 2 ,e- iai $ 3 ) ($ 1 ,$ 2 ,$ 3 ) ^ (e' 02 ^ 1 ^- 402 ^ 2 ,^ 3 ) . (4) 

Three linear combinations of these symmetries form the Cartan subalgebra of the SU(A) 
R-symmetry of M = 4 sYM theory under which fermions transform in the fundamental 
representation (spinor representation of 50(6)) with charges 

n 1 = (± -± -il n 2 = f-± i -i^l n 3 = f-I -1 ±^1 n 4 = fl ± ■ ffrt 

4 12' 2' 2/ ' ^ V 2'2' 2/ ' " V 2' 2' 2/ ' " V.2'2'2/ ' V / 

the index "4" labels the supercharges preserved by the M = 1 superspace in eq. ([T|). The 
scalar fields transform in the two-index antisymmetric representation (vector representation 
of 50(6)) and thus their charges may be obtained in terms of those of fermions as 

P*, q ij <i' • <i' , <j> M = W, q M = q fc + q 4 = -q i -q i , i,j,k = l,2,S. (6) 

This is the same labeling used in the M = 4 on-shell superspace. The phase associated to a 
product of fields with charges qi, . . . , q n is just 

n 

0! . . . K H- e ^(M...,q(^)) 01 . . . 0n ^( q ( 01 ) ) . . . ; q(0n)) = ^ q(0 .) A q(0 .) . (7) 

i<j=l 



5 For the present choice of superspace, the product of component fields is directly inherited from the 
product of superfields because the charge vector of the manifestly-realized supercharge docs not affect the 
phase in cq. ©. 
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This expression may be further simplified if the charge vectors have additional properties, 
such CIS db vanishing total charge Ym=\ = 0- 

Based on the properties of noncommutative Feynman graphs [T3] it has been argued 
that, in dimensional regularization and for real /3, all planar scattering amplitudes of the (3- 
deformed M = 4 theory are the same - up to constant /3-dependent phases - as the scattering 
amplitudes. For complex (3 this equivalence appears to break down at five loop order [8]; it 
was moreover shown [IB] that finiteness of the planar propagator corrections require that (3 
be real. 

The deformed theory distinguishes between an U(N) and an SU(N) gauge group. In 
the former case, the scalar fields valued in the diagonal U(l) factor do not decouple and 
their coupling constant flows for all values of the parameters of the theory. They decouple in 
the infrared, where their coupling constants reach zero and the Lagrangian becomes that of 
the SU(N) theory. In a trace-based presentation, the component Lagrangian for this gauge 
group is 

C = d + C 2 (8) 



& = Tr 



\FJ + + DrfiDrf + 



+V2g YM (r 4 L[^ - $R[<f>*, ^]) + -j= (he ljk r i m, i>% + h<"' c;ii o r i>ak\p) 

+ \g 2 {[^ 0l) 2 - l\h\ 2 e ijk e ilm [cjS , <fl p [h, m ]^ 
£2 = +^\h 2 \€ iik e ilm Tr[[<fP, (j>%]Tr[$ h m ]^] (9) 

where L and R are chiral projectors and C 2 appears upon integrating out the auxiliary fields 
due to a tracelessness condition. In the component Lagrangian one may further generalize 
the Moyal product ([2]) by replacing /3 with a generic 3x3 antisymmetric matrix jTOj |£j. Such 
a generalization completely breaks supersymmetry and the resulting theory appears to be 
unstable [T7] . 

The original arguments of Leigh and Strassler [7] imply that the theory with an SU(N) 
gauge group is conformally invariant if the three parameters g YM , h and q obey one relation, 
~f(g YM ,h,q) = 0. The complete functional form of 7 is not known; through two-loop order 
and for \q\ = 1, vanishing of the /3-function as well as finiteness of correlation functions 
require that [IHJ OS] 

^H^(i-^k-g-T) • (io) 

This relation is expected to receive higher-loop corrections as well as corrections depending 
on higher powers of 1/N 2 . 
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2.1 Coulomb branch 



The structure of the Coulomb branch of the /3-deformed M = 4 theory was discussed in detail 
in [201 121] and certain terms in the effective action for the light fields were evaluated through 
two loops in [22]. As usual, the classical vacuum structure of the theory is determined by 
the F- and D-term equations 

[0 23 ,0 31 ], = O=[0 31 ,0 12 ], = O=[0 12 ,0 23 ], (11) 
e ijk [<f> i i,(f> k4 } = ■ 

As it is well-known, for (3 = the solution to these equations is given by generic diagonal 
unitary matrices of unit determinant. At a generic point on the Coulomb branch the SU(N) 
gauge group is broken to [/(l)^" 1 . A single scalar field with non-trivial vacuum expectation 
value - e.g. </> 23 = diag(Ai, . . . , A#) — is sufficient to break completely the gauge symmetry. 
All fields except those valued in the Cartan subalgebra U (l)^" 1 become massive with masses 
given by: 

m 7j = |Ai - Aj| , |mj| = |Ai - Xj\ , Imfj] = \\i - \j\ . (12) 

Due to the extended supersymmetry these expressions do not receive corrections to any order 
in perturbation theory. 

For nonvanishing and generic^ value of (3 the number of vacua is smaller; they are all 
inherited from the vacua of the undeformed theory. The vacuum described above, in which 
only one scalar field has nontrivial vacuum expectation value, continues to exist. The masses 
of the PF-bosons is unaffected by the deformation, while the masses of the charged fields 
become 

m % = m ij = |Ai - Ajl mf/ = mf. =\\- \\ (13) 

m tj" = m tj 2 = m ij = m ij = %™> q) \q\i - q~ l \j\ (14) 

9ym 

Since the M = 1 supersymmetry algebra does not have a central charge, the relation between 
vacuum expectation values and masses of fields may receive quantum corrections. 

The IR divergences of scattering amplitudes of the undeformed theory may be regularized 
- at least in the planar limit - by evaluating them at a generic point on the Coulomb branch 
where the vacuum expectation value of scalar field(s) acts as a regulator. The nonrenormal- 
ization of eqs. (I12p implies the extraction of the finite part of amplitudes through the subtrac- 
tion of the known form of IR divergences [231 1211 123 [23 123 EHl ESI E01 Ell E21 1^ 
is straightforward. This is no longer so in the presence of the deformation. Indeed, since 

interesting features emerge if /3/(2n) is rational. 
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(|14p receive corrections at least through the condition that the theory is finite (eq. ( TTUj) at 
one- and two-loop orders)), the universal IR divergences that should be subtracted will in 
fact depend on these corrected masses. It is moreover in principle possible that masses of the 
vector and chiral multiplets receive different finite renormalization. These new effects will 
modify the finite part of some L-loop amplitude by terms proportional to lower-loop ampli- 
tudes and, for f3 G R, are expected to appear at least at 0(1/ N) since conformal invariance 
requires \h\ 2 = [321131] to all orders in planar perturbation theory 



2.2 The tree-level amplitudes of the /3-deformed J\f = 4 sYM theory 

The interpretation of the /3-deformed theory as a non- commutative deformation implies that 
most of the tree-level amplitudes of the deformed theory are inherited from those of the 
M = 4 sYM theory. The presence of the double-trace terms in the component Lagrangian 
signals however that there exist additional amplitudes, not present in the undeformed theory. 
To all-loop orders, the color decomposition of an SU (N) gauge theory is jlQ] 



A fi (k h ...,k n ) = Yl Tr [ TMl) • • • rMn) ]<i(^(l)> • • • > k °(n)) (15) 

+ Y Tr[T a -w ...T°-(»i)]Tr[r a -("i+ 1 ) . . .T a ^}A^ n . 2 {k a{1) , . . . , k a{n) ) 

+ terms with m > 3 traces + 0(1/N) . 

In the following we will sometimes use the shorthand notation Tr[T ai . . .T an ] = Tri n . The 
tree- level single-trace terms to leading order in 1/N are inherited from the M = 4 theorj|^|: 

A" n f(k a{1) , . . . , K {n) ) = e^^(^-^("))<r 4 ' (0) (A ;(T(1) , . . . , k a{n) ) (16) 

where the phase <p is defined in eq. ([7]): 

n n n n 

i=l j=i+l i=l j=i+l 

Clearly, the phase <p depends on the color ordering. The antisymmetry of ensures that 

(/)(qi,...,q n ) = -V9(q n ,...,qi) ; (18) 

this property is crucial for the finiteness of the theory. Tree- level 1/Y 2 terms in the single- 
trace sector appears because the coefficient of the superpotential differs from the gauge 
coupling at this order ( TTOj) . 



7 The same is true for the leading terms in the 1/N expansion of the single-trace partial amplitudes to all 
orders in perturbation theory |S]. 
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While the noncommutative interpretation of the /3-deformation is transparent in the 
trace-based color decomposition, a color decomposition based on the structure constants is 
possible. Such a decomposition also makes contact with color/kinematics duality [I] and 
allows us to examine its fate once /3 7^ 0. From this perspective, the main consequence of 
the deformation is the appearance of the symmetric structure constants d a b c in the coupling 
of scalar fields, either among themselves or with fermions. The structure constant in the 
three-point vertices with all changed fields are then replaced with 

£dftc _ 'JYp'" 1 rpc^ 1 _ ^itp(a,b,c)r£y,^rparpbrpc^ gi(,9(a, C, ft) ^rparpcrpb^ 

= cos{^{a,b,c))f abc + ism&{a,b,c))d abc (19) 

where the phase tp is determined by the fields attached to the vertex. These modified 
structure constants are antisymmetric if, when interchanging two color indices, one also 
interchanges the R-charges of the corresponding fields; this is possible because the R-charge 
is conserved at each three-point vertex. It is not difficult to see that multi-trace tree-level 
amplitudes contain an even number of such modified structure constants. 

2.3 Examples: four-point amplitudes at tree-level 

As we will discuss in detail in § I3.3[ four-point amplitudes in the /3-deformed M = 4 theory 
can be classified following the number and position of fields in the vector multiplet. At 
tree-level the situation is more constrained, as most amplitudes are closely related to those 
of the undeformed theory and, as such, superficially enjoy all the constraints imposed by 
M = 4 supersymmetry. 

By considering the R-charges of fields it is not difficult to see that only single-trace 
amplitudes with at most one field in the vector multiplet, 

4 O) (1^ + ,20 23 ,3^ 134 ,4^ 124 ) and A?\l<f> 23 , 20 14 , 30 13 , 40 24 ) , (20) 

receive /3-dependent corrections. For all other field configurations the antisymmetry of the 
phase (IT7|) implies that any potential /3-dependent phase factor is absent; in general at least 
three different nontrivial charge vectors are necessary for a single-trace tree-level amplitude 
to be affected by the deformation. At higher loops differences appear for other external field 
configurations. 

All color-ordered amplitudes included in the first amplitude in eq. ( 12 Op are modified either 
by a factor of q = exp(z'/3) or its inverse - for example 

<; o) (1234) = /.(^ A/ ,iV,g)g<r 4 ' {0) (1234) 

4{ 0) (1243) = M^ M ,iV,g)g- 1 <r 4 ' (0) (1243) , (21) 
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where h is defined as h = h/g YM . For this field configuration there is no double-trace 
tree-level amplitude. 

For the second amplitude in ( l2"Uj) all single-trace color-ordered amplitudes are the same 
as in the M = 4 theory except for 

< 1 (0) (1324) = % yM ,iV,g)V< =4 ' (0) (1324) (22) 
Aj; o) (1342) = <r 4 ' (0) (1342) + (1 - h(g YM , N, qf)A^ m '(1324) . (23) 

In the first case the complete amplitude comes from a single /3-dependent four-scalar vertex. 
In the second, the amplitude receives two different contributions: from a /3-independent 
4-scalar vertex and from two three-point gluon scalar vertices, the former being equal to 
~~ h(g YU , N, q) 2 A±i 4 ,< -°' ) (1324). This amplitude also contains a double-trace component: 

<f(13;24) = -^h(g YM ,N,q) 2 ( q - q - 1 ) 2 . (24) 

This term is generated by the double-trace Lagrangian £2 in eq. flE]). Supersymmetry requires 
that there exist similar two-trace amplitudes with two fermions and two scalars as well as 
two-trace amplitudes with four external fermions. They may be generated from fl24l) though 
supersymmetry Ward identities or by direct evaluation starting from the Lagrangian ([8]) and 
focusing on the terms containing the symmetric structure constants. Higher-point multi- 
trace amplitudes can be found though e.g. color-dressed on-shell recursion relations or 
color-dressed MHV diagrams in a trace basis. 

There exist, of course, other presentations of color-dressed amplitudes of this theory. In 
particular, to examine the fate of the color /kinematics duality for the /3-deformed theory it is 
useful to express the color factors in terms of structure constants. Both the modified structure 
constants (1T91) as well as the standard antisymmetric structure constants are necessary, the 
former coming from the interaction terms depending solely on the chiral multiplets and the 
latter from the vector multiplet interactions. 

Using the modified structure constants ffl9l) it is not difficult to see that the representa- 
tives f l20|) of the two classes of amplitudes which receive /3-dependent deformations may be 
written as 

AT\lg\2tf\W\^) = h^f l2a ff a + h^ff a f l \ + ~h r ^f^ff a (25) 

s 12 S23 S 13 

^ (o) (i0 23 ,20 14 ,30 13 ,40 24 ) = ^/ 12 7 3 U^/ 23 7 14 fl + H 2 ^/!W fl , (26) 

S\2 S23 S 13 

where h stands for h(g YM , N,q) and fp is f^ for <p — (3. The third term in the second 
equation above includes the double-trace partial amplitude in ( )24|) . In eqs. ( 125]) and ( 1261) the 
various numerator factors have a Feynman diagram interpretation, being determined by 
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the three- and four-point vertices from the Lagrangian (jSJ) according to their color factors. 
In general, the /3-modified color factors do not obey the Jacobi identity; in the special cases 
when they do, such as the eq. (I25I) . they may be modified as in the undeformed theory by 
adding to the amplitude a general function multiplied by the sum of all color factors. In 
such cases one may choose the numerator factors to be the same as in the undeformed 
theory and consequently to obey the Jacobi-like relation 

"12 + ™23 + "13 = . (27) 

It is perhaps worth mentioning that the appearance of the symmetric invariants d a b c prevents 
use of the multi-peripheral color decomposition of [¥!] . which uses Jacobi identities to cast 
the color factors in a specific form. 



3 Loop calculations in /3-deformed J\f = 4 sYM theory: 
general strategy and all-order properties 

We will construct color-dressed loop amplitudes in the /3-deformed M = 4 sYM theory using 
the generalized unitarity-based method [42J H3J HH H5J HB]. Its key feature, that it uses 
tree-level amplitudes as input for higher-loop calculations, makes it particularly useful in 
our case and reduces calculations to dressing the contributions to generalized unitarity cuts 
with the appropriate /3-dependent factors. □ 



3.1 Generalities 

In general, subleading color amplitudes depend nontrivially on the deformation parameter, 
feature that may be already seen at the level of generalized cuts. An important ingredient 
in their evaluation is the sum over intermediate states - the supersum. For M = 4 sYM 
theory efficient methods for their evaluation - both graphically and algebraically - have been 
described in [47]J^| The graphical method together with knowledge of the general structure 
of supersums identified a set of rules which allow the construction of the supersum in terms 
of only the purely gluonic intermediate states and the intermediate states containing gluons 
and two gauginos. In our case, the graphical method, which tracks the R-charge flow across 
generalized cuts, seems the ideal approach^! as it allows us to dress each contribution to the 

For example, one may easily see that, in all planar cuts, the complete /3-dependence on internal lines 
cancels out and these cuts are the same as in the undeformed theory up to an overall phase independent of 
the cut lines. This recovers the results of [8] for real f3. The argument fails for complex j3 since in that case 
h(g YM ,N,q) ^ g YM even to leading order in 1/iV; it is instead given by g YM = \h\ 2 (\q\ 2 + k _1 | 2 ) [E]- 

9 For pure sYM theories with reduced supcrsymmetry these methods have been organized in |48j in terms 
of a reduced-supersymmetry superspace. 

10 It may nevertheless be possible that some modification of the algebraic approach could be devised. 
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supersum with the appropriate phase factors and to incorporate the changes to the coefficient 
of the superpotential (fTUj) . Indeed, one may split the sum over intermediate states into the 
contributions of the various Af = 1 multiplets and subsequently include the contribution of 
the deformation. 

Let us consider here a simple example - the su cut of A^ 1 \lg + , 2g~, 30 23 , 40 14 ) which 
will be necessary for the construction of this amplitude in the next section. The general 
structure of this cut i£j 



(l a 2) 2 (l b 2f (44)(/ fe 3)(/ a 4)(/ a 3) 



~ P (12) (2l a ) (lj b ) (l b l) (3Z a ) (U> (4Z 6 ) (43) 1 J 

where 1,2,3,4 stand for the appropriate spinors of external momenta and p captures the 
sum over intermediate states. For TV = 4 sYM theory p is 

A_ = A'BC - (2AB + 2AC) + (4 + § + §) - (A + _|) + _L_ (29) 

where the five terms correspond to two-gluon, fermion, two-scalar, two-fermion and two- 
gluon intermediate states, respectively, and 

a = M B = M c = M . (so) 

(42) ((,,3) (i„4) v ' 

One half of the first term in the contribution of the two-fermion intermediate state is due to 
the fermion in the vector multiplet and thus cannot acquire /3- dependence; the second half 
comes from fermions in the same chiral multiplet as the external scalars and, consequently, 
it cannot have any /3-dependence either. One may similarly identify the two non-constant 
terms in the third parenthesis as coming from an intermediate state with the same R-charge 
as the external scalars. Thus, the modified supersum is 

p} = A-BC - {2AB + 2cos(2/3)AC) + (4cos(2/3) + | + |) - (A + ^M) + _J_ 
= p% =A + 4 (VAC - -J=) sin 2 /3 (31) 

In general, one may either follow the same strategy as here or simply consider all index 
diagrams [17] and for each of them construct the phase factor of the amplitude factors while 
taking into account the color ordering. 

The structure of a supersum reflects the supersymmetry preserved by the corresponding 
generalized cut; for example, in the M = 4 theory they are perfect fourth powers, signaling 
the fact that none of the supercharges is broken. In the example in eq. (13T|) we notice that 



11 As it is well-known |43j . one-loop amplitudes in supersymmetric gauge theories are determined, through 
O(e), by their four-dimensional cuts. 
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the supersum is a perfect square; this suggests that, in some sense, this cut preserves Af = 2 
supersymmetry. While this feature appears for other cuts of one-loop amplitudes, it is not 
a universal phenomenon. Its interpretation and consequences are also not completely clear; 
a possibility is that, while some cuts of four-point amplitudes preserve a larger amount of 
supersymmetry, only four supercharges are common to all of them. 

The antisymmetry of the Moyal product ([2]) introduces a certain correlation between 
the order of fields and the /3-dependence. Because of this we will need to identify the cuts 
of color-stripped amplitudes by extracting them from color-dressed cuts. This may be done 
either in the trace basis or in terms of the modified structure constants f|T9|) . We will organize 
the results in the trace basis and express them at the end in terms of structure constants. An 
advantage of this approach is that we avoid the potential proliferation of color factors due to 
possible orderings of undeformed and deformed structure constants / and fp, respectively. 
Since multi-trace amplitudes already appear at tree level, the loop level color decomposition 
of amplitudes is essentially the same as the one discussed in § I2.2|[^l 

In the next sections we will determine all one-loop four-point amplitudes as well as certain 
two-loop four-point amplitudes and analyze their properties. To isolate the effects of the 
deformation it is convenient to separate, at each loop order, the M = 4 part of amplitudes: 

^/3,(£) _ jN=i,{L) ^extra,(L) . ^2) 

the second term, A e ^ tTll ^ L \ vanishes as some power of sin 2 /3. The presence of the double-trace 
tree-level amplitudes as well as the expression (TTU|) for the coefficient of the superpotential 
are crucial for the UV finiteness of the theory in four dimensions. 



3.2 The conformal invariance condition 

While the arguments of Leigh and Strassler [7] guarantee that there exists a normalization of 
the superpotential which guarantees conformal invariance, the expression of this coefficient 
in terms of (3, N and the gauge coupling is not known a priori. As reviewed in § [2J the 
coefficient h solving the eq. fTTOj) required by a vanishing one-loop /3-function also implies 
that all UV divergences cancel at two loops as well. As we will see here, a simple color-based 
argument implies that this is only an accident and the coefficient h receives corrections at 
the next order, i.e. at three loops. 

It is not difficult to devise an argument which recovers, without any explicit calculations, 
the one- and two-loop constraint (jTUl) . To this end, let us consider supergraphs correcting the 
scalar field propagator which do not contain any internal vector multiplets. Any divergence 
appearing in these graphs - which are essentially the graphs of a particular three-flavor 

12 As usual, the structure of tree-level multi-trace terms implies certain constraints on the IR divergences 
of loop amplitudes in the deformed theory p5]-[57]. 
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Figure 1 : One-loop correction to the scalar propagator arising from the interactions of chiral 
multiplets. 





(a) (b) 
Figure 2: One- loop correction to three-point vertices. 



Wess-Zumino model - must be cancelled by graphs containing vector multiplet lines, both in 
the presence and in the absence of the deformation. Using this constraint we can reconstruct 
the divergence of graphs of the latter type from the divergence of graphs of the former type. 

At one-loop level there exists a single purely scalar superfield propagator correction, 
shown in fig. [TJ it contains one chiral and one anti-chiral vertex, each of which is proportional 
to the modified structure constant fp found in eq. ( 1T9|) . Evaluating the sum over the color 
indices it is not difficult to find that 



fig. [Hex \hf 



q 



-1 1 2 



(33) 



Finiteness of the 1-loop correction to the chiral superfield propagator requires that, after 
the contribution of the internal vector multiplet is added, the UV divergence of the scalar 
two-point function is proportional to 



loop ^ g ^ 



g 2 



-1 1 2 



(34) 



requiring that the divergence vanishes implies immediately that eq. (jlOp must be satisfied. 

This argument may be extended to the two-loop correction to the propagator of the chiral 
superfields. To this end we notice that U(l) charge conservation forbids any contributions 
containing only scalar interactions. We are therefore to identity the diagrams containing the 
smallest number of internal vector multiplet lines; it is straightforward to see that one such 
line is sufficient. The second important observation is that any such two-loop propagator 
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Figure 3: Three-loop correction to the scalar propagator arising from the interactions of 
chiral multiplets and containing only box sub-integrals. This color space contribution is not 
reducible to lower-loop structures. 



correction necessarily contains a triangle subintegral. The two possible subintegrals are 
shown in fig. |2j their corresponding color structures are 



fig. 2(a) oc g YM \h\ A 1 



1 

iV2 



q-q 



-1 1 2 



/ 



abc 



fig. 2(b) ^g'hf 



abc 



(35) 



This implies that, from a color space perspective, two- loop propagator corrections reduce to 
a one- loop analysis. Moreover, the vertex correction in fig. 2(a) generates an additional in- 
dependent factor when inserted into a propagator correction. We therefore conclude that the 
divergent part of the two-loop correction to the scalar superfield propagator due to diagrams 
with the smallest number of vector multiplets is proportional to 



1 

iV2 



q-q 



-1 1 2 



(36) 



Requiring that this divergence is cancelled at q 
lines implies that 



1 by diagrams with further vector multiplet 



(^(p)^(-p)}\ oc -5}p 2 g 



f 

'YM 



9; 



- \h\ 



1 z\q 

N 2 



q 



— 1 1 2 



(37) 



Thus, the condition of one-loop finiteness also implies finiteness at two loops. 

The same type of arguments imply that, at three loop order, there exists a color structure 
which is different from those that appear at one and two loops. This is a consequence of the 
fact that at this loop order there exists a Feynman diagram, shown in fig. El which does not 
contain any triangle subintegrals and hence cannot be reduced to lower-loop structures. It 
is not difficult to find that 



fig.Eloc \h\ ( 



N-± 

N 



\q-q 



-1 1 4 



q 



>\ i 



q 



-1 1 2 



(38) 



Clearly, such a divergence cannot be cancelled unless the coefficient h receives further cor- 
rections compared to its one- and two-loop expression ( jTO]) ■ Apart from the three- loop 
propagator corrections, to determine the change to the conformal invariance condition ( TTUl) 
the precise form of the two-loop divergence is also necessary. 
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3.3 Supersymmetric relations 



Supersymmetry imposes strong constraints on the structure of amplitudes in the /3-deformed 
theory; these constraints are, to some extent, common to all Af = 1 supersymmetric theories. 
Since we will be mostly interested in four-point amplitudes, let us review the consequences 
of supersymmetry Ward identities have on them. 

In the Af = 4 theory all four-point amplitudes fit inside a single superamplitude, i.e. 
they are all related to each other by Af = 4 supersymmetry transformations. Color-ordered 
four-point superamplitude is given by [1HI ED] 

Af = 4 = Af = 4 ' (0) M 4 (M) , (39) 

where A^ -4 ' 1 ^ is the tree-level color-ordered superamplitude. 

In the presence of the deformation the various helicity states can be organized in four 
Af = 1 superfields and their conjugates: 

V = g + + # 4 $ ij = <f) ij + rj i,j = 1, 2, 3 (40) 

y t = g - + fj tf ik 4 = h + #v4 = + #*) • ^ 3* k (41) 

The superfield V containing the gauge fields and the gauginos is denoted by $ in [48J; we 
have labeled the superfields containing the scalar fields and their partners with the same 
labels as those of the scalar fields in the Af = 4 theory. To preserve the similarity with the 
Af = 4 theory one may additionally Fourier-transform fj. 

The Af = 1 supersymmetry Ward identities are much less restrictive than their 
Af = 4 counterparts. For example, since no sequence of transformations maps a positive 
helicity gluon into a negative helicity one, color-ordered amplitudes related by interchanging 
helicities of gluons - e.g. A(lg + 2g + 3g~4:g~) and A(lg + 2g~3g + 4:g~) - are not necessarily 
related beyond tree level@ Consequently, up to CPT conjugation, the independent four- 
point amplitudes are 

VVV ] V ] , VV ] <&& , \/$$'$" , \Z$t$'t$"t ) $$t$$t ) $$t$'t$' ) (42) 

together with all their noncyclic permutations. Here $' and $" stand for different chiral 
multiplets 041 1) . Conservation of the three U(l) charges introduces the same selection rules as 
the SU (4) R-symmetry of the undeformed theory; in particular, it requires that amplitudes 
with three vector multiplets and one chiral multiplet vanish identically. For this reason field 
configurations with nonvanishing charges are not listed in eq. (1421) . 

13 Similarly to pure YM theory, at tree-level the /3-deformed Af — 4 theory is, effectively, maximally 
supersymmetric. 
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At the expense of introducing spurious poles in external momentum invariants, one may 
always extract some ratio of spinor products which accounts for the phase weight determined 
by the helicities of the external fields. Through two-loop level, it appears however that the 
following relations are naturally satisfied: 



WW : 
W$>& : 
: 

$$t<|> (Jjt . 



AT T \V x V}VzVt) oc jg^^viVsVl) 
Af^V^l) oc 

^ Xtra (y i $ 2 $ 3 $ 4 ) OC ^f' (0) (F 1 $ 2 $3$4) 

AT tTa ($i$l$3<f>l) oc 1 
Af^M&s&l) oc 1 



with other field configurations being obtained by simple relabeling following the noncyclic 
permutations of external fields. 



3.4 Non-planar inheritance 

While at higher orders in the 1/N expansion amplitudes in the deformed theory differ sub- 
stantially from those of the undeformed one, the leading term in the multi-color expansion 
of certain multi-trace amplitudes with special configurations of external R-charges is never- 
theless inherited from the undeformed theory. 

Let us consider an L-loop single-trace planar scattering amplitude with (2m+n) external 
lines and let us assume that the R-charges of the (2m) external lines are such that this 
amplitude contributes to an m-particle cut of an m-loop amplitude. We will focus on the 
leading double-trace terms captured by such a generalized cut, which is illustrated in fig. H] 
for n = 4. We will see that, for a suitable choice of R-charges for the external lines, all 
/3-dependence drops out of this cut, implying that the particular double-trace structure 
captured by it is unaffected by the deformation. 

Let us therefore analyze the phase of the relevant tree-level graph and cast it into a 
form suitable for the evaluation of this cut, which singles out Tr[T ai . . . T ap ]Tr[T ap+1 . . . T an ]. 
Denoting the cut legs by a« and a« with i — 1, . . . , m on the two sides of the cut (suggesting 
the fact, to be used shortly, that the R-charges of sewn legs are equal in magnitude and 
opposite in sign), the phase is 

tp(l, . . . ,p, at, . . . ,a m ,p+ 1, . . . ,n, a m , . . . , a x ) 

p / p m n 1 \ 

= [ qi A q j + qi A qa i + qi A q j +q * A Y q& i ) 

i=l \ j=i+l i=l j=p+l j=m. J 



17 




Figure 4: Generalized cut showing that, if qi + q2 = —qz — <?4 = 0, the leading 1/N term in 
the Tri2Tr34 double-trace amplitude in the /3-deformed theory is proportional to the corre- 
sponding Af = 4 amplitude. 



Y A Y q ^ + q« A Y q i + ^ A E g % 



j=i+l 



j=p+l 



Y [^ A Y q ^ +qiA Y q ^ 



j=m 



1/1 



+ Y [ Y ^ a ^ 



(43) 



Charge conservation removes all dependence of the charge of the cut legs from the first line 
above; for the same reason, the terms on the second line may also be written as 



i-l 



Y ( ~ q <* A Y q i - A Y qa ' 

i=i 3=1 



(44) 



i=l 



On the third line, the dependence on the charges of cut legs enters multiplied by Y^= P +i Qi- 
Finally, the sum on the fourth line may be reorganized as 

11 m j+1 

Y Y A fei = YY A ^ (45) 

i=m j=i— 1 J=l i=m 

m p mm m n m j — 1 

j=l i=l i=l i=l J=l t=p+l i=i *=1 

where we also used the relation q a = —q a . The first term on the second line combines with 
the first term on the right-hand side of 044p . The second term on the second line vanishes, 
since the two charge vectors are equal. The third term on the second line cancels the second 
term on the third line of (1431); last, the fourth term on the second line in (14*61) cancels the 
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second term in (]44p . Combining everything, it is not difficult to see that 

n n n m 

tp(l, . . . ,p,a u . . . ,a m ,p + 1, . . . ,n,a m , . . . ,ax) = 5Z<?iAg i + g 4 A^g flj . (47) 

i=p+l j=i i—p+l j=l 

Thus, if YlT=p+i 1i = ~ Yli=i 1i = 0' the /3-dependent phase of the generalized cut con- 
tributing to the double-trace structure Tr[T ai . . . T ap ]Tr[T ap+1 . . .T an ] does not depend on 
the charges of the cut lines; consequently, this cut is the same as in the undeformed theory. 

We may give a pictorial interpretation to this result. In color space, all Feynman diagrams 
contributing to the cut analyzed above have the topology of a cylinder, with legs 1, . . . ,p 
attached to one boundary and legs p + 1, . . . ,n attached to the other. If the total charge 
flowing in through one boundary, Y^Lp+i Qi — ~Y^=iQii vanishes, then the corresponding 
double-trace amplitude is not deformed apart from a potential overall phase. Examples in- 
clude Tr 12 Tr 34 in A%{lg + , 2g~, 3<p ij , 40 fc4 ) (with % ^ j ^ k = 1,2,3), Tr 12 Tr 34 and Tr 14 Tr 23 
in ^f(10 23 , 20 14 , 30 23 , 40 14 ) and Tr 12 Tr 34 in -4f(10 23 , 20 14 , 30 13 , 40 24 ). This is a direct coun- 
terpart of a similar result proven in [52] for space-time non-commutative field theories. The 
explicit calculations in the following sections support the conclusions reached here. 

It is not difficult to generalize this criterion to all multi-trace amplitudes; their color- 
space graphs have the topology of a sphere with as many punctures as trace factors. If 
the R-charge flow through all punctures vanishes, then the corresponding amplitude is the 
same as in the M = 4 theory even when (3 ^ 0. For example, all 0(1/ N) multi-trace gluon 
amplitudes are the same as in the undeformed theory; beginning at three-loop order, they 
are more convergent in the UV than the single-trace leading color terms [3]. 

4 /3-deformed M = 4 sYM theory at one-loop 

One loop amplitudes may be evaluated though a color-dressed generalization of the strategy 
applicable to all supersymmetric field theories |53j . by evaluating first the coefficients of box 
integrals through quadruple cuts, then those of triangle integrals through triple cuts and 
last the coefficient of bubble integrals, which should vanish in our case up to use of eq. ffTUj) . 
Alternatively, they may be constructed only from their color-dressed two-particle cuts. As 
mentioned in (13"2"|) . we will separate the M = 4 part of the amplitude as 

= A? =m + ^ xtra,(1) , (48) 

where *4^ _4 '^ 1 ' ) is well-known [54] : 

N (%i,2,3A (Tri 234 + Tr 4321 ) + X 1 34 2 (Tr 1342 + Tr 2431 ) 



VV=4,(1) 2 _ _ A^=U0) 

^■A — ~9 YM s 12'5 23 >i 4 
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(b) Zl,2|34 



Figure 5: Integrals contributing to the one-loop amplitudes. 



+2l,4,2,3 (Tr 142 3 + Tr 32 4i)J 
+2 (Zi,2,3,4 + 24,4,2,3 + ^1,3,4,2) (Tri 2 Tr 34 + Tri 3 Tr 24 + TruT^) (49) 



with 2^2,3,4 the scalar box integral shown in fig. 5(a) 




(2ir) d l 2 (l - h) 2 (l -h- k 2 ) 2 (l + k A ) 2 ' 



(50) 



The terms included in A± r have a more complicated structure which we now discuss. 

4.1 /3-dependent one-loop corrections to four-point amplitudes in trace basis 

As explained in § I3.3[ amplitudes may be organized following the number of external lines 
in the vector multiplet ( |4"2]) . Moreover, due to minimal supersymmetry, color-stripped am- 
plitudes related by non-cyclic permutations of external legs are independent. For each con- 
figuration of external M = 1 multiplets we will choose one representative and list here the 
corresponding complete one-loop amplitudes; each color-stripped sub-amplitude will be ex- 
pressed as a sum of box and triangle integrals with the appropriate momentum-dependent 
coefficients. 

• Four-gluon amplitude: As follows from the discussion in previous sections, this amplitude 
is not modified in the presence of the deformation: 



Moreover, R-charge conservation requires that the four-point three-gluon amplitude vanishes 
identically. 

• Two-gluon two-scalar amplitude: As discussed in § I3.4[ the first deformation-dependent 
correction to this amplitude has a double-trace structure and involves a nontrivial Un- 
charge flow between the fields in the two traces. At higher orders in the 1/N expansion other 



extra, (1) 



(lg + ,2g-,3g + ,4g-) = ■ 



(51) 
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trace structures are deformed as well. Since such terms do not have a tree-level counterpart, 
the expected structure of IR divergences [23]- requires that they be finite. This is indeed 
the case; the deformation-dependent terms are 



a extra, (1) 



2 



(.14 



h{g YM ,N, qfiq-q- 1 ) 
(Tri 3 Tr 24 + Tri 4 Tr 23 ) - -^(Tri 324 



U2 (23> 2 



(13) 
Tr 4432 ) 



a B(1234) 



(52) 



N 2 



Tr 12 Tr 
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Here the overall factor h(g YM , N, q) 2 is given by the solution to the equation (TlO|) . The terms 
of higher order in 1/N originate from the tree- level double-trace amplitudes. The momentum- 
dependent function B(1234) is a particular combination of box and triangle integrals (see 
fig. |5] for notation) 



B(1234) = si 2 si 4 Xi i2i3i 4 — si 2 (Xi 2 | 3>4 +X 34 | li2 ) — si 4 (X 14 | 2>3 +X 23 | li4 ) 



(53) 



This expression may be written as a box integral with a Gram determinant numerator; 
one may also recognize it as the six- dimensional scalar box integral. Evaluating 5(1234) 
(either using the known expressions for the contributing integrals or by recognizing it as a 
six- dimensional integral [55]) leads to 



B(1234) 



In^V 

S23J 



(54) 



which is indeed finite in the IR, as expected. 



• One-gluon one-scalar two-fermion amplitude: The single-trace terms in this amplitude 
acquire, as at tree-level, /3-dependent factors which depend on the specific color structure. 
Moreover, since any pair of fields carries nontrivial R-charge, all double-trace terms will 
receive /3-dependent corrections. Because of this it is convenient to quote the complete 
amplitude rather than just A e ^ tra '^ : 



A p , M {lg + ^\WAr) =g YM h(g YM ,N,q) s 12 s 23 A^ w (lg + , 2^ 4 , 3/', 4f k ) [ (55) 

xN (Xi j2i3|4 [q Tfi234 + q 1 Tr 1432 ] + Xi 2i4 3 [g 1 Tr 1243 + q Tr 1342 ] 

+24,3,2,4 [q' 1 Tr 4324 + gTri 423 ]) 
+{q + q~ l ) (Xi i2)3 ,4 + ^1,2,4,3 + ^1,3,2,4) [Tr M Tr 23 + Tri 3 Tr 24 + Tr 12 Tr 34 

The double-trace 1/e 2 poles vanish identically, as in the underformed theory, as required by 
the absence of a tree-level double-trace amplitude with only one field in the vector multi- 
plet ( 12~T|) . The remaining double-trace 1/e terms introduce /3-dependence in the soft anoma- 
lous dimension matrix. 
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There are two independent four-point amplitudes with four fields in the chiral multiplet: 
those in which all fields belong to one multiplet and its conjugate and amplitudes in which 
the fields belong to two different chiral multiplets. We will choose A(l<p 23 , 20 14 , 30 23 , 40 14 ) 
and *4.(10 23 , 20 14 , 30 13 , 40 24 ) as representatives of these two cases, respectively. 

• like-charge four-scalar amplitude: At 0(1/ N) these amplitudes are rather constrained; for 
the amplitude A(l<f) 23 , 20 14 , 30 23 , 40 14 ) the discussion in § 13.41 allows a nonzero value only 
for the Tr 13 Tr 2 4 structure. At higher orders in 1/N however all trace structures may be 
corrected. We find that 



^extra,(i) (1234) = ^(-1 + ^ + - [Tr 1234 + Tr 1432 ] (56) 



4h A 

l + h* + 
'*{q-q' 

1 r 



--^/i 4 (g - q l f(q 2 + q 2 ) [Tri 324 + Tri 423 + Tri 243 + Tri 342 ] 



+ ( - 2 + 2h 4 + —h\q - g" 1 ) 4 ) [Tr 14 Tr 23 + Tr 12 Tr 34 ] 
+ ( - 2 + h\q A + g" 4 )) Tr 13 Tr 24 ] B(1234) , 

where h = g~ l M h(g YKn N,q) and B(1234) is defined in (El). Using (JID]) it is easy to see that 
the first and third line are 0(1/N) and 0(1/ N 2 ) respectively, as required by the discussion 
in § 13.41 Since these terms are proportional to the combination of integrals in eq. ( 153]) these 
corrections are IR-finite, as required by the analysis in § 12.31 

• different- charge four-scalar amplitude: While only two two-trace structures are corrected 
at 0(1/N), all trace structures are corrected at higher orders. For the field configuration 
*4.(10 23 , 20 14 , 30 13 , 40 24 ), the various color-ordered terms follows: 

A|r>«(14; 23) = g 2 YM ( - 1 + \h\f + g~ 4 ) + ^h\q - g" 1 ) 4 ) B(1234) 

+g 2 YM ( - 2 + h 2 (q 2 + q~ 2 )) (si 2 Si 3 Xi j2i4>3 - Si 4 Si 3 Zi i3j2i4 ) (57) 

A gra,(l) (13 . 24) = ^ ( _ 1 + ^4 )B(1234) 

+ g\ M (-2 + h 2 (q 2 + q- 2 ))li,2 A ,3 + 1g\ M (1 - h 2 )T m (58) 

^r ,(1) (12; 34) = g 2 YM ( - 1 + + ^h\q - g" 1 ) 4 ) B(1234) 

+2g 2 , M (-l + /i 2 )(si 2 Si 3 X li2A3 - si 4 si 3 Zi i3i2;4 ) (59) 
A extra,(i) (1234) = A ^™,m ( U32 ) = ^M.jv( _ i + h 4 _ -^h\q - g" 1 ) 4 ) B(1234)(60) 

A ext r a,(l) (1243) = A extra,(l) (1342) 
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-/i 4 (g - g" 1 ) 2 B(1234) + ^h\q - q' 1 ) 2 s lz s u I lA2A (61) 



iV A 7 

A ext r a,(l) (1324) = A extra,(l) (1423) * = _h_±L~ h \q - q^fq 2 1 



2 2 

"#( g - q^YsuSv&iMi + ^(iV 2 (l - /i 2 g 2 ) + /?(g - g- 1 ) 2 )*^^^ 



iV 

where, as before, h = g~^h(g YM , N,q). The O(N) term in eq. (1631) combines with the 
undeformed amplitude to produce the /3-dependent phase factor appropriate for a single- 
trace planar amplitude. The charge assignment forbids similar phase factors for the other 
single-trace amplitudes. All triangle integrals may be combined in the six- dimensional box 
integral B(1234). It is not difficult to see that a leading IR divergence exists, as expected, 
only for trace structures that have a tree- level counterpart, cf. 



4.2 One-loop amplitudes in the modified structure constant basis 

The results described above may also be organized in terms of the modified structure con- 
stants (fTUj) . The resulting expressions may also be obtained directly in this basis by using 
tree-level amplitudes dressed with the structure constants fp in unitarity cuts. Similarly to 
the undeformed case, some of the complexity of the expressions in § 14.11 is absorbed in the 
contraction of structure constants. 

An inspection of the unitarity cuts and of the tree-level amplitudes in this representation 
reveals that five combinations of modified structure constants can appear: 

^(1234; q) = h(g YM1 N,q)r ihe f aaed f a « k fr i (63) 

Ko (1234;g) = h(g YM , N , q) 2 f a ^ f a _^ (64) 

Ki(1234;g) = h(g YM ,N \q) 4 T_f a 1 f a _f 'f^ ea (65) 

K2 (1243;g) = * (1243; g" 1 ) = h(g YM , N, qfr^^nff?" (66) 

K3 (1324;g) = h(g YM , N,q) 2 r bc r cd ff de f^ a , (67) 

where h(g YU , N, q) is the coefficient of the superpotential which renders the theory UV-finite, 
given by the solution to eq. ( FlO|) at one- and two-loop order. Other products of structure 
constants not involving the deformation parameter also appear. Below we will focus on the 
/3-dependent terms which will depend on differences between various k factors for generic q 
and for q = 1. While in general the translation of products of structure constants to the 
trace basis does not involve terms proportional to A^" 2 , such terms nevertheless appear due 
to the structure of h(g YM , N, q). For example, one may check that 

k (1234; q) = h(g YM ,N, q) 2 [ 2Tr 12 Tr 34 + iV(Tr 1234 + Tr 1432 ) (68) 
+ (q + g~ 1 )(Tr 13 Tr 24 + Tr 14 Tr 23 ) + -(g - g" 1 ) 2 (Tr 1234 - Tr 1324 - Tr 1423 + Tr 1432 ) 
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implying that 

Af ra ' (1) (l^ + ,2^-,30 23 ,40 14 ) = ( Ko (1234;g) - k (1234; 1))B(1234) . (69) 

The q dependence of h(g YM , N,q) participates nontrivially in this relation. 

One may similarly show that the other one-loop amplitudes evaluated in the previous 
section can be written as 

A P / 1} (lg + , 20 i4 , 3^, 4^ fc ) = ^ A/Sl2S23 4 0) (1234) (^(1234; q) Z 4 2)3)4 

+^(1423; g)X 4 i4j2i3 + ^(1342; g)X 4 i3i4i2 ) , (70) 

^ extra 'W(10 23 ,20 14 ,30 23 ,40 14 ) = ^( Ko (1234;g) - k (1234; 1)) B(1234) , (71) 

^ cxtm ' (1) (10 23 ,20 14 ,30 13 ,40 24 ) = ^; 2 / («: 1 (1234;g)-«: 1 (1234;l)) B(1234) 

+ (k 2 (1243; q) - k 2 (1243; 1)) Si^X^s 
+ (« 3 (1324; q) - ^(1324; 1)) si 3 s 2 3 X 4 3)2 ' 4 . (72) 

The q factors dressing each color structure depend on the charges of virtual particles; it 
turns out that, in the amplitudes in eqs. fl69l) and flTTj) . the internal charge configuration is 
symmetric. One may use the identity 

k (1234; q) - k (1234; 1) 1 (k (1234; q) + k (1234; g" 1 ) - 2k (1234; 1)) (73) 

to make this symmetry manifest. Similar identities do not seem to exist for the other com- 
binations of structure constants, which is consistent with the internal charge configurations 
for the different-charge scalar amplitudes not being symmetric. 

With the one-loop amplitudes written in this color basis it is not difficult to search 
for the color/kinematic duality. The amplitude in eq. ( 1701) . whose color factors obey the 
Jacobi identity, may be easily seen to indeed exhibit it: similarly to the undeformed theory, 
Jacobi transformations map the three terms into each other. Other amplitudes however, 
such as fl69|) . are not invariant under Jacobi transformations. One may trace this both to 
the absence of Jacobi identities for color factors as well as to the presence of both box and 
triangle integrals with the same color factor. 

4.3 The symmetries of the one-loop four-point amplitudes 

Similarly to M = 4 one-loop amplitudes, the one-loop amplitudes of the /3-deformed theory 
have certain symmetries, in some cases only after certain state-dependent rational functions 
of spinor products are extracted. Some of these symmetries are dictated by the configuration 
of external legs. For example, one may expect that -4f(l</> ifc , 20 i4 , 30 J ' fc , A<p iA ) with i ^ j ^ 
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k = 1, 2, 3 (i.e. an amplitude with all external states carrying the same type of U(l) charge) 
is invariant under conjugation together with a certain relabeling of momenta (the color 
factors are not relabeled): 

C: ()**[] {1,2,3,4} ^{2,1,4,3} or C : () Q {1, 2, 3, 4} h- {4, 3, 2, 1} .(74) 

It is not difficult to check that this is indeed a symmetry of eq. fl56|) . This amplitude has 
further symmetries stemming from its external states being identical in pairs; one may check 
that, indeed, eq. (|56[) is invariant under the relabeling 

1^3 or 2^4. (75) 

For some of the single-trace components, these symmetries may be also identified as a conse- 
quence of the inversion symmetry of scattering amplitudes: A(l, . . . , n) = (— l) n A(n, . . . , 1). 
For the double-trace terms these transformations are symmetries of the color structures, 
which suggests that they should also be symmetries of the kinematic part. 

Similarly, the two-gluon two-scalar amplitude A(lg + , 2g~, 30 1 - 7 , 40 H ) (i ^ j ^ k ^ I) has 
two independent symmetries. One of them, present also in the tree-level amplitude, is the 
C transformation in eq. (!74|) . The second one is a symmetry of the amplitude only after the 
factor (23) 2 /(13) 2 is stripped off; by inspecting the remainder it is not difficult to see that 
it is invariant under 

U : {1, 2, 3, 4} ^ {4, 3, 2, 1} IT' : {1, 2, 3, 4} ^ {3, 4, 1, 2} . (76) 

It is not difficult to see that U' = UC and U = U'C. While these are symmetries of amplitudes 
with identical external states (being in fact a simple inversion (U) or a shift transformation 
by two units (U')), it is not clear why it should survive in the presence of the deformation, 
when the external states belong to different multiplets. This feature suggests that certain 
four-point amplitudes exhibit more supersymmetry than the complete theory^. Technically, 
this symmetry arises because for chargeless and like-charge external states the internal states 
are symmetric under the exchange of internal states with charges different from that of the 
external one. As we will see, the leading two-loop double-trace terms exhibit this symmetry 
as well. An analysis of cuts of higher loop amplitudes shows that this symmetry may survive 
at two loop level and beyond. 

5 The leading double-trace correction to a two-loop amplitude 

The UV properties of the one-loop amplitudes constructed in the previous section are in line 
with the expectations based on the finiteness of the theory and the consequences of M = 1 

14 The structure of the specific amplitude discussed here is as if all fields may belong to an Af = 2 vector 
multiplct. 
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supersymmetry. Quite generally however, one-loop amplitudes do not always accurately 
reflect the properties of higher-loop amplitudes. For example, the one-loop amplitudes of 
the M = 4 sYM theory do not follow the same pattern as higher-loop amplitudes and diverge 
in D c = 8 dimensions and not in D c = 10 as suggested by the usual expression of the critical 
dimension [561 EH] 

Df= 4 = 4 + j . (77) 

LJ 

While one-loop amplitudes follow the pattern of critical dimensions suggested by M = 1 
supersymmetry, it is nevertheless interesting to explore whether some unexpected features 
emerge in the /3-deformed theory as well. As we will see, this is indeed the case. 



5.1 Generalities 

We will consider here in detail the four-point amplitudes with two fields in the vector mul- 
tiplet and focus on the leading terms arising due to the presence of the deformation - the 
double-trace terms in this amplitude. We will organized them as 

^J' (2) (l(7 + ,2^",30 i4 ,4^' fc ) = ^ =4 ' (2) (1234)+XT tra,(2) (1234) (78) 

where i ^ j ^ k = 1, 2, 3. For the field configuration discussed here, the term proportional 
to Tri 2 Tr34 is absent as there is no [/(l)-charge flow between fields in the two trace factors. 
As discussed in § I3.4[ the corresponding correction vanishes identically. Thus, the first 
/3-dependent correction to the scalar factor has the form: 



10) 



An expression in terms of products of modified structure constants (fT9|) should also exist 
once higher order terms in the 1/N expansion are included. 

Similarly to the Af = 4 amplitudes, each trace structure may be expressed as a sum of 
parent integrals (i.e. in this case the planar and non-planar massless double-box integrals) 
each of them having a certain kinematic numerator factor: 

M cxtra,(2) = C t h . (81) 

i 

The numerator factors q contain inverse propagators; they cancel some of the propagators 
appearing in the parent graphs, thus leading to contact terms. As discussed at length in 
[21 E], there is no unique assignment of contact terms to parent graphs; for this reason we 
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will write out explicitly the contact terms. Even more so than in M = 4 sYM theory, the 
proliferation of contact terms implies that there are many superficially different presentations 
of amplitudes in theories with reduced supersymmetry. Symmetries provide an efficient way 
of organizing the result. The two- loop amplitude is expected to be invariant under the C 
transformation in eq. (I7i]l ; in fact, the spinor ratio factor and the scalar function M. are 
separately invariant under this symmetry. 

It is possible to see that the transformations (I76p are symmetries of the generalized cuts 
of the two-loop contribution to the scalar function M.. Moreover, the cuts of M^jj can 
be saturated by cuts of integrals whose topologies are manifestly invariant under U but not 
invariant under U' while the cuts of M^lt^ can be saturated by cuts of integrals whose 
topologies are manifestly invariant under U' but not invariant under U. It is therefore 
natural to enforce a different manifest symmetry on the kinematic numerators in the two 
components of the scalar function. 

5.2 Mf 4 f 2 r 3 a ' (2) 

The integral topologies entering the /3-dependent contribution to the color-stripped ampli- 
tude corresponding to the trace structure Tr 14 Tr 23 are shown in figure El Only the first three 
are invariant under the complete symmetry (IT4"]) . (!76|) ; some of the integrals for which C is 
not a symmetry are invariant under either U or U' transformations and vice versa. We will 
choose to organize the result in a form that is manifestly invariant under C and U: 

M extra,(2) = £ ^ + (1 + Q) ^ foj. + (1 + TJ) ^ ^ + (1 + TJ) (i + C ) ^ , ( 82 ) 

iii i 

with invariance under U' following from the relation U' = UC. Given some collection of 
integrals, there are other ways to make it invariant under C and U; the expression here is 
singled out by the explicit calculation. 

With the definition r a ^ = 2fc a • kj, (k a with a > 5 are loop momenta), the numerator 
factors of the various integrals are: 

«1 = r l,4 (Tl,8 + r 2,5 + r 4,7 + r 3,6 + r l,2( r l,8 + r 2,5 + r 4,7 + r 3,6 — 2t 1>4 ) — Ti^T 2 ^ — 74,7 T 3,6) 

«2 = 7i i4 (tJ 8 + r 2 2 6 + r 4 2 7 + r 3 2 5 + ri )2 (ri >8 + r 2 , 6 + r 4i7 + r 3>5 ) + T lt8 T 2fi + n j7 r 3t5 ) 

a 3 = -4ri, 3 ri,4 (83) 

Pi = 27-1,4 (ti, 8 + r 4 2 7 + ri, 3 (ri, 8 + 7-4,7)) 

02 = -2r 2 i4 

03 = 2r 2 

04 = 2n, 



1,1 
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Of course, the non-manifest symmetries map various integrals into each other. 
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(a) J[ 



(b) ^ 



(c) 4 




(g) M{ 




(e) ^ 




(h) X[ 




Figure 7: Integrals contributing to the trace structure Tri3Tr24 in the two-gluon two-scalar 
amplitude, their coefficients are listed in eqs. fl89|) -fl94 



7i 

72 
73 
74 

Si 
d-2 



Tl,4 - 2t 1j2 

Ti,2 (^5 + r 2 6 + r li2 (r li5 + r 2j6 )) 

2r 2 

2r 1)2 

Tl,3 - Ti 2 



54) 



^,4 



-n,4T 2 ,5 + |ri 2 (3ri i3 + r 2i5 - 2r 3i5 + 2r 2i < 



(85) 
(86) 



Integration-by-parts identities may be used to reduce some of the integrals with nontrivial 
numerator factors to simpler onei^l along the lines of [57]. We will however not pursue 
this here. It is not difficult to see that, integral by integral, M^^t is UV finite in four 
dimensions. All the integrals having at least one four-point vertex may be obtained (in several 
ways) by collapsing suitable internal lines in the graphs I±, J 2 , J\, K\ and their images under 
the symmetries of the amplitude. 
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5.3 Ml^t m 



The leading deformation-dependent correction to the Tri3Tr24 trace structure exhibits a 
larger symmetry than M^^'^; apart from invariance under C, U and U', it is also invariant 
under 

E: {1,2,3,4} k-> {3,2,1,4}. (87) 

Together, these transformations form the symmetry group of 1-loop amplitudes. The integral 
topologies entering M^™'^ are shown in figure [71 it turns out that, in this case, it is 
convenient to choose C, U' and E as manifest symmetries: 

= (1 + C)^^ + (1 + U')^7X + (1 + U')(1 + C)^^ 

i i % 

+ (1 + U')(l + 0(1 + e) Y, <Ml + (1 + C)(l + V)J2p>X> 

i i 

+ (1 + U')(1 + E)^^F/. (88) 

i 

Similarly to , there are other ways to make the C, U' and E manifest; the expression 

here follows from the explicit calculation; the numerator factor of each integral is given by: 

Pi = -2ri )3 (t 2i 5T 2i6 + t 4i5 t 4i6 ) 

& = -2ri, 3 

& = 2r li3 (89) 

I'l = 7-1,2 (r 4 2 5 + r 3 2 6 + ^,3^4,5 + r 3 , 6 )) 

7 2 = n 2 2 (90) 

S[ = -|ti ;3 t 2; 6+ 5(ti,4-Ti )2 ) (t 2 , 5 - t 2 ,7 + 2t 4j5 - 2r 4i7 ) (91) 

e'l = 2^372,5 (92) 

P'l = 4r 1)3 (93) 

^ = -4r 1)3 . (94) 

Similarly to the M^^g , these corrections are UV finite integral by integral in four dimen- 
sions. Moreover, as in that case, all the integrals having at least one four-point vertex may 
be obtained (in several ways) by collapsing suitable internal lines in the graphs J[,K[ and 
M[ and their images under the symmetries of the amplitude. 



3 We thank Lance Dixon for discussions on this point. 
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6 The UV behavior of one- and two-loop amplitudes 

Simply inspecting the integrals appearing in § H] and § [5] it is easy to see that they are 
convergent in four dimensions. Unlike M = 4 sYM, the /3-deformed theory is intrinsically 
four dimensional because on the one hand it has minimal supersymmetry and on the other 
the structure of the deformation relies on the existence of three U(l) symmetries. This makes 
it difficult to discuss, in parallel with M = 4 sYM theory, the UV convergence properties of 
the theory in higher dimensions, since such a theory does not exist. 

For fixed dimension Dq the convergence properties of a theory are captured by the degree 
of divergence which counts for each integral the difference between the expected number of 
loop momenta in the numerator and denominator and is a function of the dimensionality of 
space-time Dq, number of loops L, number of vertices V and propagators /. AA-extended 
supersymmetry improves the naive value of the degree of divergence and, for a finite theory, 
it is expected to lower its value by 2J\f: 

cu susy = (J naive (A), L, V, I) - 2N . (95) 

Even for a theory defined only for some fixed dimension Dq, one can still express its UV 
convergence as a formal value of the dimension, Dq — > D > Dq, which sets to zero the 
degree of divergence. This value is, of course, unphysical since the theory does not exist in 
that dimension. Rather, it corresponds to the naive analytic continuation of the integrals 
composing the amplitudes after all dimension-dependent manipulations have been carried 
out. If the theory could be defined in higher dimensions such a continuation does not 
accurately describe the UV properties of the theory because of potential //-terms (i.e. terms 
manifestly proportional only to the (D — 4) components of loop momenta) which are not 
evaluated in the original dimension. We will formulate in these terms the UV properties 
of the /3-deformed theory, while keeping in mind that the implications of our results are 
solely for the value of the degree of divergence for Dq = 4; we will refer to D as the "formal 
dimension" . 

The fact that only scalar box and triangle integrals enter the one-loop amplitude implies 
that the one-loop formal dimension in which the first divergence appears is 

D c = 6 . (96) 

This is, in fact, the UV behavior of a generic finite M = 1 supersymmetric field theory, with 
the slight distinction that the four-point amplitudes do not contain finite combinations of 
bubble integrals. 

The situation is more interesting at two-loop level. The five-propagator integrals have 
worse UV behavior; their presence suggests that the analytically-continued two-loop ampli- 
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Figure 8: The unique vacuum integral topology capturing the UV properties of the 
analytically-continued /3-dependent double-trace terms in the two-gluon two-scalar ampli- 
tude. 



tude is manifestly finite only for 

D < 5 ; (97) 

this would-be critical dimension is consistent with the behavior of an M = 1 finite theoryr^l. 

To check whether this UV behavior is improved it is necessary to extract the leading 
UV-divergent terms in D = 5. To this end we follow the strategy described in [5H1 EDI E]; 
that is, near the critical dimension we notice that the overall UV divergences comes from the 
integration region in which loop momenta are much larger than external momenta, allowing 
us to capture the leading UV behavior by expanding in external momenta [ST]. 

In the case at hand the relevant integrals to analyze are the 5-propagator ones - J4, 
J 5 , K 3} K4 for M^l an d J 2 j J3J X[, Y[ for M^l- Note that there are no 6- propagator 
integrals with numerators that are quadratic in loop momenta. In the limit in which the 
external momenta are vanishing all these integrals reduce to a unique vacuum topology 
shown in fig. |HJ 

Using the symmetries of the numerator factors listed in eqs. f l83|) -f lHS|) and f )89|) -f l94|) and 
momentum conservation, the coefficients of this vacuum integral in the two scalar functions 
are as follows: 

r/3,(2) . 



^H;23 : 2& + 2/3 5 + 2 73 + 2 74 = (9 
! 13;24 • 



M?B: 2$ + 2$ + 4^ + 4^ = 0. (99) 



This cancellation implies that the analytic continuation of the leading /3-dependent correction 
to the two-gluon two-scalar amplitude is finite in D = 5; Lorentz invariance implies then 
that this amplitude first diverges in 

D c = 6 . (100) 



17 Let us recall that, as mentioned in the introduction, a finite supersymmetric theory with JV manifestly- 
realized supercharges has an expected L-loop critical formal dimension D c < 4 + 2J\f/L 
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Even though the /3-deformed theory has only M = 1 supersymmetry, as discussed in the 
introduction, this critical formal dimension is characteristic to a finite M = 2 theory. In a 
strict four-dimensional formulation, our result is that the degree of divergence is u = —4, 
which is smaller by two units than the expected degree of divergence of a finite M = 1 theory, 
to = -2. 

7 Summary and further comments 

In this paper we discussed in detail the scattering amplitudes of the /3-deformed M = 4 sYM 
theory at the nonplanar level though two loops. The existence of double-trace components 
of tree-level amplitudes makes the scattering matrix of this theory unconstrained by the 
general analysis of [5]; these terms, directly linked to the existence of symmetric structure 
constant couplings as well as to the non- decoupling of chiral multiplets charged under the 
diagonal U(l) subgroup of the gauge group, play an important role in the finiteness of the 
theory. 

We have seen that, apart from planar structures inherited from the M = 4 theory due 
to the structure of the deformation, certain non-planar color structures are also protected 
from being directly affected by the deformation, to all orders in perturbation theory. These 
amplitudes may nevertheless depend on the deformation parameter through the coefficient 
of the superpotential whose value is fixed in terms of f3, N and the gauge coupling by the 
requirement of conformal invariance. We have also discussed the loop order at which the 
known expression for this coefficient requires further corrections. We identified a simple 
color-based argument which recovers the form of its one-loop expression and the fact that it 
also implies that the theory is finite at two-loop level. The same argument implies that the 
next correction is required at three-loop level. The existence of a superpotential coefficient 
leading to an all-order finiteness for the /3-deformed theory is guaranteed by the original 
argument of Leigh and Strassler [7] . It should be interesting to find an all-order closed-form 
expression for this coefficient. 

By explicitly evaluating four-point loop amplitudes we found that, while at one-loop 
level the UV properties of the theory can be explained by its M = 1 supersymmetry, some 
two-loop amplitudes exhibit an improved behavior. It is not clear what is the origin of 
this improvement. It is however interesting to notice its similarity with the improved UV 
behavior of the double-trace terms in the M = 4 sYM theory. In that case, a supersymmetry- 
based explanation of this phenomenon was identified in [62] . While we do not understand the 
fundamental origin of our result, an argument similar to that of [62] does not appear possible 
in our case. Another explanation of the M = 4 improved double-trace behavior was suggested 
in [3], essentially based on the structure of the amplitude required by color /kinematics 
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duality. These arguments do not appear to extend in a straightforward way to the f3- 
deformed theory due to its different color structure. 

We are therefore led to suggest that the improved UV properties of the double-trace 
terms in both the /9-deformed and in the M = 4 sYM theory must have yet a different 
explanation, common to both theories, which does not rely either on supersymmetry or on 
color/kinematics duality. This also points to further hidden structure in the non-planar 
M = 4 theory. 

Naive inspection of the one- and two- loop amplitudes found in §H]and §[S]does not reveal 
obvious consequences of the numerator relations inherited from the color/kinematics duality 
of the undeformed theory. It is nevertheless possible that loop amplitudes are affected - 
and perhaps constrained - by these tree-level numerator relations. It would be interesting 
to identify these consequences. In a similar direction, the main obstacle for the existence 
of a full-fledged color/kinematics duality in the /3-deformed theory is the appearance of 
symmetric structure constants. The arguments of Leigh and Strassler suggest that it should 
not be possible to forbid their appearance without breaking conformal invariance at the 
quantum level. There may exist theories which, while exhibiting BCJ duality, also share 
some of the planar properties of the Af = 4 theory. Identifying and studying such theories 
may shed further light on the relations between the symmetries of the M = 4 theory, the 
possible patterns in which they can be broken and may also expose other unexpected features 
which are hidden by the large symmetry of this theory. 
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